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Abstract In this paper, we devote to find the solution of the following quadratic minimi-
zation problem

. 2
min ||x[|7,
xeQ

where €2 is the intersection set of the solution set of some equilibrium problem, the fixed
points set of a nonexpansive mapping and the solution set of some variational inequality.
In order to solve the above minimization problem, we first construct an implicit algorithm
by using the projection method. Further, we suggest an explicit algorithm by discretizing
this implicit algorithm. Finally, we prove that the proposed implicit and explicit algorithms
converge strongly to a solution of the above minimization problem.
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1 Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively. Let C
be a nonempty closed convex subset of H. Recall that a mapping A : C — H is called
a-inverse-strongly monotone if there exists a positive real number « such that

(Ax — Ay, x —y) > a||Ax — Ay|?, Vx,yeC.

It is clear that any a-inverse-strongly monotone mapping is monotone and é—Lipschitz con-
tinuous. A mapping S : C — C is said to be nonexpansive if ||Sx — Sy|| < ||x — y| for all
x,y € C. Denote the set of fixed points of S by F(S).

Let B : C — H be a nonlinear mapping and F : C x C — R be a bifunction. Now we
concern the following equilibrium problem is to find z € C such that

F(z,y)+(Bz,y—2z) >0, VyeC. (1.1)

The solution setof (1.1) isdenoted by E P (F, B).If B = 0, then (1.1) reduces to the following
equilibrium problem of finding z € C such that

F(z,y) >0, VyeC. (1.2)

The solution set of (1.2) is denoted by E P(F).If F = 0, then (1.1) reduces to the variational
inequality problem of finding z € C such that

(Bz,y—2z) >0, VyeC. (1.3)

The solution set of variational inequality (1.3) is denoted by VI (C, B).

Equilibrium problems which were introduced by Blum and Oettli [1] in 1994 have had a
greatimpact and influence in pure and applied sciences. It has been shown that the equilibrium
problems theory provides a novel and unified treatment of a wide class of problems which
arise in economics, finance, image reconstruction, ecology, transportation, network, elasticity
and optimization. Equilibrium problems include variational inequalities, fixed point, Nash
equilibrium and game theory as special cases. The equilibrium problems and the variational
inequality problems have been investigated by many authors. Please see [2-30] and the ref-
erences therein. The problem (1.1) is very general in the sense that it includes, as special
cases, optimization problems, variational inequalities, minimax problems, Nash equilibrium
problem in noncooperative games and others.

In this paper, we devote to find the solution of the following quadratic minimization
problem

min [lx||?,
xeR

where 2 is the intersection set of the solution set of some equilibrium problem, the fixed
points set of a nonexpansive mapping and the solution set of some variational inequality.
In order to solve the above minimization problem, we first construct an implicit algorithm
by using the projection method. Further, we suggest an explicit algorithm by discretizing
this implicit algorithm. Finally, we prove that the proposed implicit and explicit algorithms
converge strongly to a solution of the above minimization problem.
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2 Preliminaries
Let C be a nonempty closed convex subset of a real Hilbert space H. Throughout this paper,
we assume that a bifunction F' : C x C — R satisfies the following conditions:

(Hl) F(x,x)=0forallx € C;

(H2) F is monotone, i.e., F(x,y) + F(y,x) <Oforallx,y € C;

(H3) foreachx,y,z e C,lim;yo F(tz+ (1 —1t)x,y) < F(x,y);

(H4) foreachx € C,y— F(x,y) is convex and lower semicontinuous.

The metric (or nearest point) projection from H onto C is the mapping Pc : H — C
which assigns to each point x € C the unique point Pcx € C satisfying the property

lx = Pcx|| = inf [lx — yll =:d(x, C).
yeC

It is well known that P¢ is a nonexpansive mapping and satisfies
(x =y, Pcx — Pcy) = ||Pcx — Pey|)?, Vx,y € H.
Furthermore, forx € H andu € C,
u=Pc(x) & (u—x,u—y) <0, VyeC. 2.1

We need the following lemmas for proving our main results.

Lemma 2.1 ([8]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F : C x C — R be a bifunction which satisfies conditions (H1)—(H4). Let u > Oand x € H.
Then, there exists 7 € C such that

1
F(z,y)+ﬁ(y—z,z—x)20, Vy e C.

Further, if T;(x) ={z € C : F(z, y)+ %(y—z, z—x) > O0forally € C}, then the following
hold:

(a) Ty, is single-valued and T), is firmly nonexpansive, i.e., for any x,y € C, |Tyx —
Tuy||2 =< (T,ux —Tuy,x — )
(b) EP(F) is closed and convex and EP(F) = F(T,).

Lemma 2.2 ([4]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
the mapping A : C — H be a-inverse strongly monotone and ) > 0 be a constant. Then,
we have

(I — xA)x — (I = AA)Y|1* < [lx — yI? + A0 — 20) | Ax — Ay||*, Vx,y € H.

In particular, if 0 < A < 2q, then [ — LA is nonexpansive.

Lemma 2.3 ([18]) Let {x,} and {v,} be bounded sequences in a Banach space X and let
{Bn} be a sequence in [0, 1] with 0 < liminf,_,~ B, < limsup,_, . B, < 1. Suppose that
Xn+1 = (1= Bu)vn + Buxy for alln > 0 and lim sup,,_, o ([Vn+1 — Vnll — [Xn+1 — Xul)) < 0.
Then, lim,,_ o ||V, — X, || = O.

Lemma 2.4 ([21]) Let C be a closed convex subset of a real Hilbert space H and let S :
C — C be anonexpansive mapping. Then, the mapping I — S is demiclosed. That is, if {x,} is
a sequence in C such that x,, — x* weakly and (I — S)x, — y strongly, then (I — S)x* = y.
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Lemma 2.5 ([20]) Assume that {a,} is a sequence of nonnegative real numbers such that

any1 < (1 = y)an + 8uyn,
where {y,} is a sequence in (0, 1) and {8, } is a sequence such that

(1) D02 yn = 005
() limsup,,_, oo 8n < 0 0r > 0| 18n¥nl < 00.

Then lim,_,  a, = 0.

3 Main results

In this section we will introduce two algorithms (one implicit and one explicit) for finding
the minimum norm element x* of Q := EP(F, By N VI(C, A) N F(S). Namely, we want
to find a point x* which solves the following minimization problem:

(1> = min [l x]|*. (3.1)
xeQ

Let S : C — C be a nonexpansive mapping and A, B : C — H be a-inverse-strongly
monotone and S-inverse-strongly monotone mappings, respectively. Let F : C x C — R be
a bifunction which satisfies conditions (H1)-(H4). In order to solve the quadratic minimiza-
tion problem (3.1), we first construct the following implicit algorithm by using the projection
method

x; = SPcl[(1 —t)Pc(I — AA)T, (I — uB)x;], VYt € (0,1), (3.2)

where T}, is defined as Lemma 2.1 and A, u are two constants such that A € (0, 2a) and
n € (0,28). We will show that the net {x;} defined by (3.2) converges to a solution of the
minimization problem (3.1). First, we show that the net {x;} is well-defined. As matter of
fact, for each t € (0, 1), we consider the following mapping W; given by

Wix = SPc(1 — 1) Pe(I — AA)T, (I — uB)x], Vx € C.

Since the mappings S, Pc, I — LA, T;, and I — pB are nonexpansive, then we can check
easily that |W;x — W, y|| < (1 —1t)||x — y|| which implies that W, is a contraction. Using the
Banach contraction principle, there exists a unique fixed point x; of W; in C, i.e., x; = W;x;
which is exactly (3.2).

Next we show the first main result of the present paper.

Theorem 3.1 Suppose Q2 # . Then the net {x;} generated by the implicit method (3.2)
converges in norm, as t — 0, to a solution of the quadratic minimization problem (3.1).

Proof First, we prove that {x;} is bounded. Setu; = T, (I — uB)x; and y; = Pc( —AA)u;
forallt € (0, 1). Take z € Q. Itis clear that z = T}, (z — uBz) = Pc(z — AAz). Since T}, is
nonexpansive and A, B are a-inverse-strongly monotone and B-inverse-strongly monotone,
we have from Lemma 2.2 that

luy — zII* = 1T (xe — wBx;) — Ty(z — uB2)|I*
< llx; — uBx; — (z — uB2)|I*
< llxe — zlI* + p(u — 28| Bx; — Bzl|?,
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and

lyr — zlI* = I Pc(uy — AAuy) — Pe(z — 1A2)|)?
< lluy — AAu; — (z — 2A2)|?
< llur = zl* + A = 20) || Aup — Az
< lxe = 2> + 2 — 20) [ Auy — Az)|* + (e — 2B)|| Bx; — Bz|*
< llx —zll*. 3.3)

So, we have that
lye =zl < llur — zll < llxe — 2|l
It follows from (3.2) that

lxe — zll = [ISPc(1 —1)y:] = SPcz||
= 1A =0 —2) — 1zl
= (I =Dlly: = zll + ]zl
= (I =D)llx —zll +rlzll,

that is,
lxr — zll < llzll.

So, {x;} is bounded. Hence {u;} and {y;} are also bounded. Now we can choose a constant
M > 0 such that

sup {201zl llye — zll + l1zlI%, 2lur = yell, 20l — wll, Iy l?} < M.
t

From (3.2) and (3.3), we have

e =zl < 1= )0y —2) — tz]?
=1 =03y —zl* —2t(1 = )z, yr — 2) + £z
<lly—zl*+tM
< llx =zl + A(h — 20)[|Auy — Az]?
+ u(u —2B)|1Bx; — Bz|* +tM (3.4)

that is,
AQa — V)| Auy — Az)|> + (2B — w) || Bx; — Bz||> <tM — 0.
Since A2a — A) > 0 and u(28 — n) > 0, we derive
tlg% |Au, — Az|| = tll_I;% |Bx; — Bz|]| = 0. (3.5)
From Lemma 2.1 and 2.2 and (3.2), we obtain

lur — zI* = 1T, (x; — uBx;) — Ty(z — nB2)|I*
< ((x; = uBx;) — (z— puBz),u; — z)

1
=3 (I Cxe — uBxy) — (z — wB2)|1* + lluy — z|I?

—Il(x; — 2) — u(Bx; — Bz) — (uy — 2)|1%)

@ Springer



648 J Glob Optim (2010) 48:643-656

1
2

IA

(Ilxe — 2l + llur — 2lI* — |G — us) — u(Bx, — B2)||%)

5 (Il = 2+ Nl — 20 = llxe — el
+24u{x; — ur, Bx; — Bz) — u?|| Bx, — Bz||*),
and

lye — zII* = | Pc(ur — 2Au;) — Pe(z — LA

< ((uy — AAuy) — (z — AA2), y1 — 2)
= 2 (g = 2Aup) — (e = RADIP + Iy, — 2P
— Il = 2Aup) — (2 = 1A2) = (i — DIP)
< % (e = 20 + llye = 21 = @ = yo) — A(Aug — ADP?)

% (e = 21+ lye = 2l = llug = yell?
+ 20(uy — i, Aug — Az) — 23| Aup — Az||?) .
Hence, we obtain
lur — 21> < llx — 2l = llx, — we > + 2 (x; — us, Bx; — Bz) — || Bx; — Bz|*

< llxe = 2l* = e — uel* + 2pllx; — w, || Bx, — Bz||
< llxe — zlI* = llx; — us|* + M| Bx, — Bzl
and
lye = 2l < llup — 20> = Ny — vl + 220up — yo, Aug — Az) — 22| Au, — Az|)?
< llug = zl* = llur = yell* + 20wy — vl Auy — Az
< lxe =zl = e — el = Ny — vl
+ M||Au; — Az|| + M| Bx; — Bz||. (3.6)

By (3.4) and (3.6), we have
I — 2l < Iy — 2> +tM
< lxr =zl = llxe — uell® = llur — yel?
+ M(||Bx, — Bz + | Au, — Az +1).
It follows that
lxe — uel|® + lluy — ye > < (IBx, — Bzl + || Au, — Azl + 1) M.
This together with (3.5) imply that
li — =1li - =0.
tg’% [lxc; — u || tglg) ey — yell
It follows that
lx; — Sx. |l = IISPCI(1 — 1)y;] — SPcx||

= (L =Dllyr —xell + 2llxc |l
= lye — well + g — e[l + tllx; || = O. (3.7
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Next we show that {x,} is relatively norm compact as t — 0. Let {t,} C (0,1) be a
sequence such that z, — 0 asn — oo. Putx, := x;,, u, = uy, and y, := y; . From (3.7),
we get

%2 — S|l = O. (3.8)

Since {x,} is bounded, without loss of generality, we may assume that {x,} converges
weakly to a point x* € C. Also y, — x* weakly. Noticing (3.8) we can use Lemma 2.4 to
get x* € F(S).

Now we show x* € EP(F, B). Since u, = T,,(x, — uBx,), for any y € C we have

1
F(uy, y) + ;(y — Up, up — (Xn — wBxy)) = 0.
From the monotonicity of F, we have
1
;(y — Up, Uy — (Xp — MB-xn» = F(y, Up), Vy eC.
Hence,
Uy — Xn;
<y—uni,#+3xni>zF(y,uni), Vy e C. 3.9)
1%

Putz, =ty + (1 —t)x*forallt € (0, 1] and y € C. Then, we have z; € C. So, from (3.9)
we have

Up;

.
(2t — un;» Bzy) = (20 — up,, Bzy) —<Zt — Up,, Tn +anl->

+F(Zt,uni)
= (z — Up;, Bz, — Bum) +(z — Up;, B”ni - an,-)

Up; — Xp,
- <Zt _uni57>+F(Zhuni)- (3.10)
m
Note that ||Bu,, — Bxp,|| < %Iluni — X, || = 0. Further, from monotonicity of B, we have
(2t — un;, Bz — Buy,) > 0. Letting i — oo in (3.10), we have
(20 =", Bzy) = F(zg, x7). (3.11)
From (H1), (H4) and (3.11), we also have

0=F(z,2) <tF(z;, ) + (1 = F(z, x%)

< tF(z,y) + (1 = 1)(z — x*, Bz)
=1tF(z, y) + (1 =0t{y — x*, Bz;)
and hence
0 < F(z,y) + (1 —1)(Bzs, y — x7). (3.12)

Letting t — 0 in (3.12), we have, foreach y € C,

0 < F(x*, y) + (y —x*, Bx").
This implies that x* € EP(F, B). By the same argument as that of [8], we have x* €
VI(C, A). Therefore, x* € Q.
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By (3.2), we deduce
Il — x*)|* = |SPc[(1 — 1)y, ] — SPclx*]|*
< llyr —x* —ty |
= llyr = x* 112 = 2t (3, v — x*) + 2y |1?
= llyr — x* 1% = 26 (yr — x*, yp — x*) = 20 (x*, y — x*) + 2|y |17
< =200y = x* 12+ 20(x*, x* = yp) + 2yl
< 7(1=20)[lx; — ¥ + 20 (x*, x* — ) + 2y |12

It follows that
lxe — x* 1 < (% 2% = y) + —.

In particular,

taM

lon — x*|1> < (2%, X% — y) + - e (3.13)

Hence, the weak convergence of {y,} to x* implies that x, — x™ strongly. This has proved
the relative norm compactness of the net {x;} ast — 0.
Now we return to (3.13) and take the limit as n — oo to get

Ix* —z|I> < (z,z —x%), z€eQ. (3.14)

To show that the entire net {x;} converges to x*, assume x5, — X € 2, where s, — 0.1In
(3.14), we take z = X to get
e = FI7 < (%, 5 = %) (3.15)
Interchange x* and X to obtain
15— x*)? < (x*, x* = %). (3.16)
Adding up (3.15) and (3.16) yields
20 = %7 < Ix* = &I

)

which implies that ¥ = x*.
We note that (3.14) is equivalent to

II? < (% 2), zeQ.
This clearly implies that
Ix*[l < llzll, z € K.

Therefore, x* solves the quadratic minimization problem (3.1). This completes the proof.
]

Next we introduce an explicit algorithm for finding a solution of the quadratic minimi-

zation problem (3.1). This scheme is obtained by discretizing the implicit scheme (3.2). We
will show the strong convergence of this algorithm.
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Theorem 3.2 Suppose that Q2 # (. For given xog € C arbitrarily, let the sequence {x,} be
generated iteratively by

X1 = Bpxn + (1 = Bu)SPcl(1 — ap) Pc(I — 2AA)T, (I — uB)xn]l, n=0, (3.17)
where {a,} and {B,} are two sequences in [0, 1] satisfying the following conditions:

() limy—oo oy =0and > o2 gy = 00;
(ii)) 0 < liminf, o B, <limsup,_, . Bn < 1.

Then the sequence {x,} converges strongly to a solution of the minimization problem (3.1).

Proof First, we prove that the sequence {x,} is bounded.
Letz € Q. Setu, = T,,(x, —uBx,) and y, = Pc(I —AA)u, foralln > 0. From (3.17),
we get

lyn =zl = I1Pc(I = AA)u, — Pc(I — 1A)2)|

< llun — 2|
= ”T,u(xn — uBx,) — TM(Z — uBz)|l
< llxn —zll,

and

IXn+1 =zl = 1BnCen — 2) + (1 = B)(SPcl(l — ) yul — 2l

< Ballxn —zll + (A = BII(A — o) (yn — 2) — anzl|

< Ballxn —zll + (A = B[ — an) llx — zll + e llzll]

=[1 -1 = Banlllx, —zll + an(l = Bp)lizll

< max{[lx, — z|, llz|l}.
By induction, we obtain, for all n > 0,

llxn — zll < max {llxo — zl, Iz}

Hence, {x,} is bounded. Consequently, we deduce that {u,} and {y,} are all bounded. Let
M > 0 be a constant such that

sup {1y, 2y lllyn = 2l + NI, 2000 = 2l sllxn = wnll, 22l — yull} < M.
n

Next we show lim,— ||y — Syl = 0.
Define x,41 = Bpx, + (1 — By)v, for all n > 0. It follows from (3.17) that
101 = vall = ISPCL(1 = etnsD)yns1] = SPEL(1 = )yl
= I = ongrD)ynr1 — (1 — ap) yall
< st = Yull + @t lyntill + anllynll
< W Pc(unt1 — AAupt1) — Pe(un — AAup) || + M(apt1 + o)
< Nupt1 — unll + M(an41 + o)
= Ty (xn+1 — uBxut1) — Ty — uBxp)|| + M(otpy1 + @)
< xXn41 — Xnll + M (otnt1 + o).
This together with (i) imply that

lim sup ([[va41 = Vall = [Xn41 — X0 ) = 0.
n—00
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Hence by Lemma 2.3, we get
lim v, — x| = 0.
n—00
It follows that

1Syn — xull < ISyn — vall + llve — x4l
= |SPcyn — SPc[(1 — o) yulll + vy — Xl

< dpllynll + llvp = xull = 0.

At the same time, we have

lim [[xp41 — xpll = lim (1 = By)[lvy — xull = 0.
n—00 n—00
By the convexity of the norm || - ||, we have

a1 — 2l = 1B Cen — 2) + (1 = Bu) vy — 2|12
< Bullxn — zII* + (1 = Bu)llva — zl1?
< Bullxn — 2> + (L= B)llyw — 2 — @yl
= Bullxn — zI* + (1 = B)llyn — 201> = 206 (Yns Yu — 2)
+aylyal?]
< Bullxn — 2l + (A = B llyn — 2l + o M. (3.18)

Since T}, and Pc are nonexpansive and A, B are a-inverse-strongly monotone and B-inverse-
strongly monotone, we have from Lemma 2.2 that

lyn — zlI* = 1Pc(I — AA)u, — Pc(z — 1AZ)|?
< |lup — AAu, — (z — AAQ)||?
< Nlun — 2I* + 200 — 20)[| Au, — Az

and

lun — zI* = Ty (xn — 1Bxy) — Tu(z — uB2)|?
< l(xn — wBxy) — (z — uB2)|?
< llxn — zl* + (e — 28) || Bx, — Bz|*.

So, we have that
lyn = zl* < llxa — zI* + A — 20) | Auy — Azl|* + p(e — 28) || Bx, — Bz|*. (3.19)
Substituting (3.19) into (3.18), we have

1 — 2l < Bullxn — 21> + (1= B)lllxn — zlI* + Ak — 200) | Auyy — Az||?
+u( — 28| Bxy — Bz|*] + oy M
=[x — 2l + (1 = B)A(A — 20) || Auy — Az]?
+ (1 = B — 28| Bx, — Bz||* + au M.
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Therefore,
(1 — BAQa — W) [ Auy — Az|* + (1 = B)u(2B — Wl Bx, — Bzl
< lxn = zl1* = lxng1 — zll* + 0y M
< (1% = 2l + %01 — 2D = Xng1 || + @ M
< M(”xn - xn+1|| +‘xn)~

Sincelim inf;; s 0o (1 =) A2a—A) > 0,liminf;, 0o (1= 2B—p) > 0, |xp —Xp41ll —
0 and «;; — 0, we derive

lim ||Au, — Az|| = lim ||Bx, — Bz| = 0.
n—oo n—00
From Lemma 2.1 and 2.2, we obtain

lin — 20> = 1Ty (xn — uBxn) — T (z — nB2)|?
< ({(xp, —uBx,) — (z—uBz),u, — z)

1
5 (16 = pBxy) = (2 = B2+ llun — zII?

—|(xn — 2) = (Bxy — Bz) — (uy — 2)|1%)

A

1
<3 (%0 — 2l + llun — zlI* = | (tn — ) — 1(Bxy — B2)|%)

1
=~ (Ilxn — 2l + llun — zlI* = llxn — wnll®
5 (
+20(x — un, Bx, — Bz) — 1| Bxy — Bz|)%),
and

Iy — zI* = | Pcuy — AAuy) — Pc(z — 2A2)|?
< <(un - )‘-A“n) —(z— }\AZ)’ Yn — Z)

1 2 2
3 (Iltn — 2Aup) — (2 — LA + llyn — 2|l

— Gty — 2Aup) — (z = 1AZ) — (vu — DI%)

A

1
< 5 (lun — 21+ s — zlI> = 1ty — ya) — A(Au, — A2)|?)

= % (letn = 20 + llyn = 21 = llutn — yull?
+ 20ty — yn, Atty — AZ) — 27| Au, — Az|P?).
It follows that
lun = 201> < llxn — 21> = %0 — wnll® + 2044, — . Bxy — Bz) — u*|| Bx, — Bz|*

< lxn — zlI* = lxn — unll* + 24110 — wn ||| Bxy — Bz|
< llxn — zllI* = x4 — unll* + M| Bx, — Bz, (3.20)

and

Iy — zl* < llun — 2l = ltn — yull* + 2A(un — yu, Auy — Az) — 22| Au, — Az||?
< llun — 20 = ltn — yull* + 20|ty — yullll Aun — Az]|
< llun — 21> = llun — yull* + M| Au, — Azl (3.21)
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By (3.18) and (3.20), we have

a1 — 2l < Ballxn — 2l> + (1 = By — zlI* + au M
< Bullxn — 2 + A = B llun — zlI* + an M
< Bullxn — zlI* + (1 = B)lllxn — zlI* = lIxn — unl®
+M||Bx, — Bz||] + o, M
< llxn — zl> = (1 = B lxn — wnll* + (1 Bxn — Bzl + ) M.

It follows that

(= B)lxn — unll> < (1xn — zll = X041 — 2D xn — zll + X031 — 2l
+ (II1Bx, — Bz| + an)M
< (xnt1 = xall + [1Bxp — Bz|| 4 an) M.

Since liminf, (1 — B,) > 0, &y, = O, ||xXp41 — xu|| — 0 and ||Bx, — Bz|| — 0, we
derive that

lim |x, —u,| = 0.
n—0o0
By (3.18) and (3.21), we have

Ixn1 — 2l < Ballxn — zI> + (1 = By — 21> + euM
< Bullxn — 2l + (1 = B)Ulun — 2I* = llun — yull?
+ M| Au, — Az||]] + oM
< llxn =zl = (1= B)llun — yull* + (1Aun — Azl + ) M.

It follows that

(= B llun = yull* < (Ixn = zll = Ixn1 — 2D xa = 2zll + X041 — 21
+(lAup, — Azll + an) M
< (Ixn41 = xull + 1 Aun — Azl + an) M.

Since liminf, (1 — B,) > 0, &y — 0, ||xp41 — x]] — O and ||Au, — Az| — 0, we
derive that

lim |lu, — yu|l =0.
n—oo
Hence,

1Syn = yull = 11Syn = Xull + llxn — unll + llun — yall — 0.

Let the net {x;} be defined by (3.2). By Theorem 3.1, we have x; — x* = Pq(0) as
t — 0. Next we prove

lim sup(x™*, x* — y,) < 0.
n—0o0

Indeed, we can choose a subsequence {yy; } of {y,} such that

lim sup(x™, x* — y,) = lim (x*, x* — y,,).
n—oo 1—> 00
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Without loss of generality, we may further assume that y,, — X weakly. By the same argu-
ment as that of Theorem 3.1, we can deduce that ¥ € . Therefore, by using (2.1), we
get

lim sup(x™, x* — y,) = (x*, x* = ) < 0.
n—o0o

From (3.17), we have

o1 = 217 < Ballen — 17 + (1 = BN = @) (v — x*) — ax™|?
< Bullen = x*1 + (1 = LA = @)y — **I1?
=20, (1 = @) (x*, yu = x*) + " 1%]
< Ballan = 2* 12 + (1 = BOL — @) llxw — 271
— 20, (1 = @) (x*, yu = x*) + 1" [1*]
<11 =20 = Boanlllx, — x*|)?
+2a, (1 — @) (1= B) (%" — ) + (1 = By M
= (I = yu)llxn — X*”z + Sn¥,
where v, = 2(1 —Bp)a, and 8, = (1 —o) (x ¥, x*—yn)—i—o‘"ZM.Itis clear that Z;OZO Y = 00
and limsup,,_, ., 6 < 0. Hence, all conditions of Lemma 2.5 are satisfied. Therefore, we
immediately deduce that x, — x*. This completes the proof. O
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